In the tensionless limit of string theory on flat background all the massive tower of states gets squeezed to a common zero mass level and the free theory is described by an infinite amount of massless free fields with arbitrary integer high spin. We notice that in this situation the very notion of critical dimension gets lost, the apparency of infinite global symmetries takes place, and the closed tensionless string can be realized as a constrained subsystem of the open one in a natural way. Moreover, we study the tensionless limit of the Witten's cubic sting field theory and find that the theory in such a limit can be represented as an infinite set of free arbitrary higher spin excitations plus an interacting sector involving their zero-modes only.
Introduction
As far as our knowledge in Quantum Field Theory is concerned, field theories of massless particles enjoy the richest symmetry structures, gauge symmetries. Moreover, massless particle theories exhibit much nicer quantum properties than massive ones.
It is therefore interesting to study seriously the analogous for String Theories in order to understand if richer symmetry structures appear in the limit in which the string tension vanishes. A first encouraging and inspiring result in such a direction is contained in the paper by D.Gross [1] .
The definition of the tensionless limit that we take as our starting point is the one in which all the massive tower of string states gets squeezed to a common zero point energy. This corresponds to the limit α ′ → ∞ keeping fixed the typical oscillators variables describing the string harmonics structure. This already presents the tensionless theory within a much wider and symmetric picture where infinite global symmetries could appear mixing all the oscillator modes. Their actual realization is one of the results obtained in this letter.
Let us notice that the approach that we follow is different and most probably inequivalent to the one initiated by A. Schild about null strings in [20] where the tensionless limit was considered at fixed σ-model field coordinates rather than at fixed oscillator variables.
A much inspiring approach to the problem comes from section 1.5 of [2] , where a possible link between a general approach to free higher spin theories and the tensionless limit of free open strings was sketched. In this paper we will make that picture more precise and we will extend it to the interacting case. It will turn out that the resulting formalism naturally fits with the tensionless limit of String Field Theory suggesting a general scheme to extend the model of [2] to the interacting level.
One of the results that we will obtain is that in the tensionless regime the stringy notion of critical dimension gets lost, since the nihilpotency of the BRST charge is established for flat backgrounds of any dimension. This means that one can consistently formulate tensionless string theories in any dimension, their (usual) tensile deformation being consistent at the critical value of space-time dimension only. As a countercheck, notice that in the tensionless limit, in fact, the manifest SO(dim − 2) multiplet structure of the light-cone states are no more forced to add up and combine into representations of the massive little group SO(dim − 1) for all the higher massive levels in the string tower.
Within the approach that we develop for the tensionless limit of string theory, we will be able to identify the U * (g O ) invariance algebra of the free theory which is the real anti-hermitian restriction of the universal covering of the Lie algebra g O = w(1, dim − 1) ⊕ sp(∞), where w(1, dim − 1) is the Lie algebra of the Weyl group generated by iso(1, dim − 1) and spacetime dilatation 1 . The elements in g O are given bilinears in the string creator/annihilator operators. These transformations act mixing and rearranging the level and the spin structure of the massless higher spin excitations of the theory.
Moreover, we realize the tensionless limit of the free closed bosonic string as a constrained sub-system of the open one, the constrain being the level matching condition. We work out the form of the gauge symmetries of the theory and single out an infinite amount of global symmetries.
Finally, we calculate the tensionless limit of the three-string vertex of the Cubic Open String Field Theory and find (not surprisingly), that, once the string field is expanded in ordinary field components, the interaction takes place among the infinite set of field zero-modes only. This agrees with general expectations from higher spin field theory on flat spacetime.
Free tensionless strings
Let us devote this first section to a close plan discussion of the tensionless limit of free bosonic strings. For later convenience we start from the free open strings with free boundary conditions in Minkowski flat space.
Open Tensionless Free Strings
Notice that some of the following starting arguments concerning the open strings are already in nuce contained in [2] which we take the freedom to expand and complete for sake of clarity 2 . Moreover, the relation between the tensionless limit of string theory and higher spin theories has already been noticed in [4] .
The content of such a system is given by the string center of mass variables (x µ , p µ ) and the infinite set of oscillators (a nµ , a * nµ ), with n > 0. They satisfy the usual canonical commutation relations (CCRs)
and the other commutators are vanishing. The string coordinate and its conjugate momentum are (σ ∈ [0, π])
In terms of the oscillator variables the Virasoro constraints take the form
(where the dot indicates space-time scalar product).
The tensionless limit appears straightforwardly. In fact, just by rescaling
′ and L n → iL n / 2|n|α ′ (where n = 0), the Virasoro algebra in the α ′ → ∞ limit gets contracted to the much simpler algebra
despite any previous central extension which scales away. This implies that for the tensionless limit there is no notion of critical dimension (as a requirement that the central extension of the constrain algebra should vanish) 3 . Notice that the algebra (4) is satisfied by the leading orders in
Introducing the relative anticommuting ghosts 
which squares to zero if (4) is satisfied.
For the tensionless open string we have
This satisfies Q 2 O = 0 for any space-time dimension (therefore proving the absence of a critical dimension for the tensionless open string theory). Hence it follows that the conformal anomaly, whose vanishing typically determines the critical dimension, is a specific property of the tensile strings. Indeed, one can deform the tensionless constrains with quadratic terms in the oscillators and recover the tensile string with its proper anomaly cocycle. It is an interesting open point to check whether or not such a quadratic deformation is unique (once the closure of the constrain algebra is enforced) and to study if other deformations are meaningful.
The relevant ghost number operator is
which is anti-hermitian (in contrast with Q which is hermitian). With this convention, the Fock vacuum has ghost number −1/2. Corresponding to the above structure we can define a free string field theory where the states are built over the Fock vacuum |0 > annihilated by 4 There is an armless √ n rescaling factor with respect to the usual ghost fields which are used in the tensile string theory, due to the rescaling of the constrains. Moreover there is some α ′ rescalings whose precise form can be obtained by comparison with the ordinary tensile string BRST charge.
the oscillators a µ n (as well as the corresponding ghosts c n , b n and b 0 ). The free action is
and can be expanded in the field components. Extending the scheme developed in [2] for finite sets of oscillators (and adapting the reality condition of the string field to our case), the action (7) can be shown to consist of a superposition of free massless multi-tensors whose indices symmetry structure is determined by the expansion of the string field in string creation oscillators.
Symmetries of the Open Tensionless Free Strings
As it is well known, the action (7) 
where Γ (0) is the pure oscillator part. The problem of classifying the global symmetries of the tensionless free open string amounts to solve in general for Γ of the form (8) such that [Q 0 , Γ] = 0 and then to enforce the real anti-hermiticity constrains Γ * = Γ = −Γ * . Here we will single out an infinite set of solutions of the above conditions and will not pretend to solve in full generality such a problem.
We proceed by studying first the problem of finding the Γs such that the expansion (8) stops at l = 1. These will form naturally a Lie algebra in the product form g=[Space-Time]⊕ [Internal] . Once g will be determined, we can consider the universal covering algebra U(g) of g formed by all the words in the generators of g (modulo the commutation relations in g). The elements of U(g) still commute with Q O and admit an expansion of the form (8) . Therefore the real anti-hermitian elements in U(g) will fit the definition of generators of global symmetries. We will denote by U * (g) the resulting restriction.
Therefore, we now calculate the Lie algebra g for the tensionless free open bosonic string. In order to do it, let us notice that the requirement that the expansion (8) stops at l = 1 means that the commutator of Γ (0) with the constrains is given by a linear combination with numerical coefficients of the constrains themselves. Since the constrains are at most linear in the oscillators, then Γ (0) has to be (at most) quadratic in the oscillators.
As far as the space-time symmetries are concerned, notice that the Poincare' generators are left as they are by the tensionless limit, since they do not depend on α ′ from the very beginning, i.e. we have
Moreover there is an additional spacetime dilatation generator
which completes a space-time Weyl group. The reader might doubt whether the complete conformal group could be the full spacetime symmetry of the model or not. This could be verified or by building the generators of the conformal boosts or by implementing the spacetime conformal inversion as a symmetry of the BRST charge Q O . We let this point as an open issue.
As far as the internal symmetry part is concerned, we find that the constrain Lie algebra is acted on by an sp(∞) algebra. It is easy to see that the BRST charge Q O commutes with the bilinears in the oscillators
(where "dim" is the space-time dimension).
The above generators close to form the following algebra
So we find that
is the algebra of the Weyl group generated by iso(1, dim−1) and the dilatation Dand we conclude that the elements in U * (g O ) are global symmetry generators. It would be interesting to to study if the kind of algebras we are obtaining are related to the Borcherds ones [5] .
An important open point has to do with the full determination of the free theory global symmetry algebra. It would be interesting to check if the set of elements that we singled out is all the global symmetry algebra or just a subalgebra. With respect to this issue, let us notice that an infinite subset of global symmetry generators are given by the BRST exact ones, namely the ones such that Γ e = [Q O , Γ −1 ] + , with Γ −1 an arbitrary real anti-hermitian operator of ghost number −1. These transformations have to be considered as trivial and therefore the problem of calculating the global symmetries reduces to the solution of a BRST cohomology at zero ghost number. This is well defined since, if [Γ,
is exact too and therefore exact generators form a (two side) ideal.
Closed Tensionless Free Strings
Another property which appears in the tensionless limit is a clear embedding of the closed string Hilbert space as a BRST invariant subspace in the open string unrestricted one. This can be realized as follows. Let us write the closed string coordinates and momenta by collecting the left/right moving oscillators in a common set split in odd and even, that is (now σ ∈ [0, 2π])
where the above modes satisfy the same CCRs (1) as above. Calculating the Virasoro constrains and performing a scaling similar to the one that we already performed in the open string case, we find that the left over constrains for the tensionless closed string are p 2 = 0, p · a n = 0, p · a * n = 0 and n>0 (−1) n na * n · a n = 0, the last one being the level matching condition. The BRST charge implementing the contracted closed string Virasoro algebra is (we add here a further ghost/anti-ghost pair c 
n(−1) n (a * n a n +b * n c n +c * n b n ) (12) which satisfies Q 2 C = 0 in any dimension. Notice that, with respect to eq.(6), identifying the set of canonical coordinates with the open string one, we can rewrite
is the (ghost extended) level matching constrain which satisfies
Therefore, one can interpret the closed tensionless string Hilbert space as an invariant subspace, singled out by the condition L = 0 on the physical states, of the open tensionless string one. Let us notice that we can write an action for the free tensionless closed string field theory, that is 
The equations of motion corresponding to S C are in fact
which correctly implement the constrain L = 0 in the BRST quantization scheme. Let us point out that in fact such a construction embeds the free closed tensionless string in the big Hilbert space of the open one. Once the ghost number constrain G C |ψ C >= − 1 2 |ψ C > is imposed, where in our notation
then this becomes on the components
The theory still admits gauge and global symmetries. The gauge symmetries act as
where |Λ O > and |Λ ′ O > have ghost number −1 and −2 respectively. As far as the infinite global symmetry (11) is concerned, let us point out that it is partly broken by the level matching constrain and therefore only the subalgebra commuting with the shifted level matching combination n>0 n(−1) n h nn is present in the free tensionless closed string. This can be easily calculated to be generated by the elements
I mn = h 2m+1,2n+1 J mn = h 2m,2n (13) whose commutation relations can be worked out directly from (11) by simply substituting (13).
Interacting tensionless strings
As we can see, in the tensionless limit the string coordinate field X µ (σ) gets undone since it blows up. From the interacting theory point of view this implies the uncontrolled string fragmentation which was observed in such a regime in [6] . In few words, the tensionless string is unable to stabilize dynamically. The string evolves as a incoherent set of massless particles where the string profile is just constrained to be orthogonal to the c.m. momentum. Such a picture is intrinsically unstable under interaction, as the results in [6] demonstrate, and the string profile gets undone.
It is therefore compelling to turn to an alternative picture to represent the string interaction in the tensionless limit. The natural alternative picture is the string field interacting theory [7] . In the following we study the tensionless limit of Witten's cubic string field theory.
The tensionless limit of cubic string field theory
The interacting action at generic value of α ′ can be written as
where Q is the full BRST charge and < V 3 | the three strings vertex |V 3 > W = N dp (1) dp (2) dp
where the Neumann coefficients V r,s mn are computable numbers (see, e.g. [8] ) and N a normalization constant.
To obtain a picture of the three string vertex in which the tensionless limit can be taken it is useful to pass from the c.m. momentum to the c.m. position representation. This amounts to insert a c.m. completition 1 c.m. = ⊗ s=1,2,3 |x (s) > dx (s) < x (s) | and to perform the Fourier transform by integrating over the momenta. This can be done by first Fourier transforming the δ-function imposing momentum conservation so that the resulting integrals are Gaussians. The resulting expression reads
We can perform the zero tension limit to the above expression which gives 
As we see, in the tensionless limit the above three string vertex reduces to the zero momentum sector the interacting part of the theory and causes the * -product to project on the zero mode sector the string fields. This implies that the * -product in this limit does not admit an identity. Therefore, in the tensionless limit the propagating degrees of freedom remain free and stay decoupled from the zero momentum sector where all the interaction occurs within the oscillators. As far as the interacting internal oscillator degrees of freedom are concerned, the tensionless limit therefore reduces to a zero dimensional interacting model very much similar to the matrix models which are conjectured to be at the basis of an M-theory description.
In formulas, we have therefore
In order to specify in a better way how the tensionless limit of the vertex looks, let us rephrase the above results in a more abstract context. As it is clear from the results obtained above, the three string vertex in the tensionless limit satisfies the tensionless limit of the string overlap conditions, that is (p
(where σ ∈ [0, π/2]) and is therefore determined, up to a normalization, by these overlap conditions, BRST invariance, reality condition, associativity of the induced * -product and cyclic symmetry. Notice that the very reason for the projection on the zero center of mass momentum states in the interaction term is the separation of oscillators and momenta in the overlap conditions for the three (and higher) string vertex. As far as the ghost oscillators factor is concerned, because of the relative α ′ rescaling in the ghost sector, this undergoes a treatment similar to the one of the matter sector. Moreover, the √ n factors that we use to rescale the ghost modes enter the definition of the ghost part of the vertex. In our notation the ghost part of the three string vertex is then Let us comment that the projection on the momentum zero-modes of the * -product in the tensionless limit can be obtained also from the expanded for of the string field action. A rough idea about this can be inferred e.g. from the expansion of the tachyon contribution to the cubic term of the action (see [9] ), that is φ 3 , whereφ = e −α ′ ln(4/3 √ 3)∂ 2 φ. The α ′ → ∞ limit of the above is well defined if the non constant part of φ scales away and therefore φ 3 → φ 3 0 where φ 0 is the φ zero-mode. At the same time, the tachyon mass parameter lifts to zero.
The result we obtained is in agreement with the general results of higher spin theories [10] stating that on flat backgrounds there should not exist a consistent interaction scheme for higher spin fields.
Notwithstanding the non-dynamical form of the interaction terms which we calculated in the last section, it would nonetheless make sense to check how much of the infinite symmetry of the free theory is preserved by the interaction term. It seems that this problem should be studied in the proper oscillator κ-basis where the * -product structure gets diagonalized to a flat Moyal product along the lines suggested in [11] . From that point of view it is likely that an infinite invariance group of symmetries of the flat symplectic structure arising in the tensionless case is preserved.
In the spirit of the previous discussion, it is possible in principle to extend the string field method for the interactions to the higher spin models considered in [2] (the generic case with arbitrary bosonic and fermionic roots of the Hamiltonian) and to strings on consistent curved backgrounds.
The specific form of the interacting theory action, i.e. with a proper single three field vertex, is indicated by strong symmetry arguments that apply more in general. From a minimal point of view, let's assume the action to be given by
where < V 3 | is a general three field vertex (i.e. an element of the third tensorial product dual Hilbert space) which we take cyclic symmetric and compatible with a given choice R of reality condition 6 on the field |Ψ > (which makes Q hermitian). It is clear that if the * -product determined by < V 3 | and R is associative and if Q acts as a graded differential with respect to * , then the action (18) is invariant under the gauge transformations
Conversely, suppose we ask for a symmetry principle which extends the free theory gauge invariance |δΨ >= Q|Λ > to an interacting one. Then, assuming (19) , then it is a symmetry of (18) if the above conditions are satisfied. Notice that this is independent on the specific nature of the vertex < V 3 |. By this we mean that a possible overlap condition scheme which could be posed to single out a given vertex, has not to be understood as necessary conditions, but rather should instead fit in a spectral scheme classifying the possible graded differential ring structures allowed by the Hilbert space of fields.
As we see, the scheme which underlies the introduction of interactions in string field theory along with a deformation of the free theory gauge invariance naturally extends to the higher spin models studied in [2] and, once it is extended to Anti-deSitter spaces, resembles very much the approach in [12] . It would be interesting to translate such an approach in the language of [13] too. 6 In OSFT this is the usual Ra µ n R = (−1) n a µ n -since the conjugation * is the composition of the hermitean conjugation and BPZ conjugation -(and similarly on the other variables) and the string zeromodes invariant, but in general it is a possible choice up to equivalences.
Relations with superstring theories Most of the above considerations extend also to superstrings. Actually, one of the motivating issues which started the program of tensionless strings is also the challenge of understanding the M-theory prevision about Little String Theory [14] . It seems that here we have some of the ingredients to formulate a string field theory for closed tensionless superstrings with a U(N) symmetry in six dimensions, which we would like then to compare with the expected properties of Little String Theory, i.e. with the tensionless closed string theory which should describe the microscopic world-brane dynamics the M5-branes bound states. There is still a basic point to understand in this direction, namely if and how the string coupling constant is fixed to some "self-dual" value and by which actual mechanism. This issue points directly to the problem of a correct formulation of the interacting tensionless closed (super)string field theory which we believe should develop within the scheme proposed in the previous sections.
Another issue to understand which comes naturally out of the above results (once we presume a similar behavior to hold for type II A superstrings) is whether the picture we obtained for string theory in the tensionless regime can be understood as a decompactification of the matrix picture of M-theory of [15] . Notice that in such a limit it is no more true that D-particles decouple because of infinitely massive in the weak coupling regime, the limit being l s → 0 at g s fixed. This corresponds to the eleven dimensional (wrapped membrane) tensionless limit l p → 0 along with R 11 /l p = g 2/3 s fixed. In principle one can consider other scalings in parallel to the tensionless limit. For example, one could consider OSFT with a constant background B-field and then perform a double scaling limit. This could give other interesting possibilities, although with broken Poincare' invariance and noncommutative space-time geometry.
Another feature of the tensionless limit is the lift of the tachyon states to the common massless level. This implies the stability of these string field theories and shows that such a property is proper to the tensile deformation. It could be interesting to understand if some tachyonic/unstable string sector can condense in a tensionless string field theory regime. With this respect, it would be interesting to calculate the tensionless limits of open strings with different Dirichlet boundary conditions. Since it introduces a further length scale, this could also be seen as a toy model to test the effects of space-time curvature on the tensionless string.
More general issues It is of clear importance a target space interpretation of the whole tensionless string theory. In particular, the possibility of characterizing the tensionless string in curved backgrounds has to be studied as well as the relation between the microscopic symmetries of the theory and the properties of the target space-time. All this should be encoded in the very structure of the BRST operator Q and the three string vertex (or the * -product) in a clear geometric way. This extension should find wide application in gauge/string dualities once Anti-deSitter backgrounds are concerned [16] . A further open point has to do with a proper geometric interpretation of the zero tension limit from the world-sheet geometry point of view. Actually, the contraction of the Virasoro algebra to the tensionless algebra, which is possible in general and not only in the free field realization, awaits a geometric conceptual interpretation which should replace the two dimensional conformal symmetry in such a limit. The tensionless contraction of the Virasoro algebra is actually well defined in general and should be at the heart of the tensionless limit of string theory on any consistent background. Notice that with respect to (5), we have Q 2 = 0 for any realization of the tensionless string algebra (4).
It is not clear if the infinite symmetries that we have found in the tensionless limit might somehow survive in the tensile regime. If this would be the case, which a priori seems not given, this could be a consequence of extra properties of the Neumann coefficients such as the ones obtained in [17] . Actually this might have a counterpart in the construction in [18] .
The point of checking the global symmetries of the cubic interaction term remains an open one and can not be avoided in a complete analysis of the theory.
It seems to the author that a lot of other basic questions regarding the tensionless string theory and the meaning of its huge symmetry remain to be issued and answered. We hope that this note has driven the reader's attention to some expected and unexpected properties of tensionless strings.
Note added: Recently the interesting paper [19] appeard and its approach to the tensionless limit of string theory on flat spacetime is similar in principle to the one considered in [2] and here. Let us notice also that the approach that we follow is in principle different to the "null strings" one initiated by A. Schild in [20] where the tensionless limit was considered at fixed σ-model field coordinates rather than at fixed oscillator variables.
